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In this work we consider a cosmological scenario in which the Universe contracts initially having
a bouncing-like behavior, and accordingly after it bounces off, it decelerates following a matter
dominated like evolution and at very large positive times it undergoes through an accelerating
stage. Our aim is to study such evolution in the context of F (R) gravity theory, and confront
quantitatively the model with the recent observations. Using several reconstruction techniques, we
analytically obtain the form of F (R) gravity in two extreme stages of the universe, particularly
near the bounce and at the late time era respectively. With such analytic results and in addition by
employing appropriate boundary conditions, we numerically solve the F (R) gravitational equation to
determine the form of the F (R) for a wide range of values of the cosmic time. The numerically solved
F (R) gravity realizes an unification of certain cosmological epochs of the universe, in particular,
from a non-singular bounce to a matter dominated epoch and from the matter dominated to a
late time dark energy epoch. Correspondingly, the Hubble parameter and the effective equation
of state parameter of the Universe are found and several qualitative features of the model are
discussed. The Hubble radius goes to zero asymptotically in both sides of the bounce, which leads
to the generation of the primordial curvature perturbation modes near the bouncing point, because
at that time, the Hubble radius diverges and the relevant perturbation modes are in sub-Hubble
scales. Correspondingly, we calculate the scalar and tensor perturbations power spectra near the
bouncing point, and accordingly we determine the observable quantities like the spectral index of
the scalar curvature perturbations, the tensor-to-scalar ratio, and as a result, we directly confront
the present model with the latest Planck observations. Furthermore the F (R) gravity dark energy
epoch is confronted with the Sne-Ia+BAO+H(z)+CMB data.
I. INTRODUCTION
A major challenge in modern theoretical cosmology is to reveal whether the Universe emerged from an initial
singularity or the Universe started its expansion from a non-singular bounce-like phase. In other words, whether the
Universe evolve according to the standard Big-Bang cosmology which must end in a singularity (known as Big-Bang
singularity) when extrapolated backwards, or, the Universe passes through a bouncing stage leading to a non-singular
behavior of the spacetime curvature. The inflationary description is an appealing early Universe scenario, due to the
fact that it can produce an almost scale invariant power spectrum, which is consistent with the latest observations.
The inflationary scenario [1–8] requires an early period of accelerated expansion in order to solve the horizon and
flatness problems. However, most inflationary scenarios have inherent connection with an initial singularity, at least
most of the canonical scalar models of inflation. Moreover, the observations to date do not undoubtedly confirm
that inflation indeed took place. One of the attractive alternatives to inflation is the bouncing cosmology scenario
[9–53]. Apart from generating an observationally compatible power spectrum in some bouncing cosmology scenarios,
bouncing cosmology has the additional advantage that it leads to a singular free evolution of the Universe. However,
the Big-Bang singularity may be a manifestation for the failure of classical gravity theory which may be unable to
describe the evolution of the Universe at such small scales. Quite possibly, the quantum generalization of the gravity
2theory may resolve the singularity issue; just like the classical electrodynamics fails to remove the Coulomb potential
singularity at the origin, which, however is resolved by the quantum electrodynamics. However, in the absence of
a fully accepted quantum gravity theory, bouncing cosmology is the most promising one to deal with the initial
singularity issue.
Among the various bouncing models proposed so far, the matter bounce scenario [14, 22, 23, 54–70] has attracted a
lot of attention since it produces a scale invariant power spectrum and moreover in a matter bounce scenario (MBS),
the Universe passes through a matter dominated epoch at the late-time. The MBS is characterized by a symmetric
scale factor where the Hubble radius diverges to infinity at late times both in the contraction and expanding eras
of the bounce. This indicates that the perturbation modes are generated far away from the bouncing point, deeply
inside the Hubble radius. Despite the aforementioned successes that the MBS is able to produce a scale invariant
power spectrum, the matter bounce model has some serious drawbacks: (1) in scalar-tensor MBS model, the scalar
power spectrum becomes exactly scale invariant leading to the spectral index for curvature perturbations as unity,
which is, in fact, not compatible with the Planck observations. Such inconsistency was also confirmed in [64, 67]
from a different point of view, in particular in the context of F (R) gravity theory. However, it is well known that
a F (R) model can be equivalently mapped to a scalar-tensor model by a suitable conformal transformation of the
spacetime metric and thus the inconsistencies of the scalar power spectrum (with regard to the Planck observational
data) in matter bounce scenario for both the scalar-tensor and F(R) theories are well justified. (2) The running of
the scalar spectral index is constrained to lie within −0.0085 ± 0.0073 according to the Planck 2018 observations.
However, for the MBS model with a single scalar field, the running of the spectral index vanishes and thus it is not
compatible with the observations. This is a direct consequence of the first problem because if the spectral index is
independent of the perturbation momentum, then the running index will obviously become zero. (3) The Hubble
radius, defined by rh =
1
aH , in the matter bounce scenario monotonically increases with the cosmic time in the late
era and asymptotically diverges to infinity, due to the reason that the scale factor far away from the bounce behaves
as ∼ t2/3. Such increasing behavior of the Hubble radius confirms a decelerating evolution of the Universe at late
times. On other hand, the supernovae observations [71–73] confirm that the present Universe is dominated by some
negative pressure matter component, known as dark energy, which generates the accelerated expansion. Thus the
dark energy dominated epoch, which is responsible for the late time acceleration, is not well described by the matter
bounce scenario.
It is shown in the literature, that in the so-called quasi-matter bounce scenario, where the scale factor evolves as
t
2
3(1+w) (with w 6= 0, note for w = 0, it becomes similar to the exact MBS), it is possible to recover the consistency
of the spectral index and of the running index even in a single scalar field model [14]. However, the tensor-to-scalar
ratio is found to be problematic in the case of a quasi-matter bounce model; actually the tensor and the scalar
perturbation amplitudes in the quasi-matter bounce scenario are found to be comparable to each other leading to
the tensor-to-scalar ratio as order of unity. On other hand, modified gravity theories [74–81] may provide successful
descriptions for both the primordial and the late-time era of our Universe. In most modified gravity descriptions
of bouncing cosmology, the Hubble radius monotonically increases at late times and thus the problem to describe
the dark energy epoch of the Universe still persists, because an increasing behavior of the Hubble radius reveals a
decelerating phase of the universe. Motivated by this problem, in this paper, we intend to generalize the bouncing
scenario which is also compatible with the late-time acceleration as well, in the context of F (R) gravity theory. It
is clear that in order to get a dark energy dominated phase, the Hubble radius must decrease with respect to the
cosmic time at late times. This in turn indicates that the primordial curvature perturbation modes generate near the
bounce, in contrast to the usual matter bounce scenario where the perturbation modes generate far away from the
bounce deeply in the contracting era. Keeping these issues in mind, we try to provide a cosmological scenario which
unifies certain cosmological epochs of the universe, in particular, from a non-singular bounce to a matter dominated
era and from the matter dominated to a late time dark energy epoch, in the context of F (R) gravity. In this regard,
we would like to mention that the merging of bounce with the dark energy epoch was studied earlier [82], however
in a different context, where the universe evolution was not considered to be symmetric with respect to the bounce
point, unlike to our present work where we will consider a symmetric behavior of the scale factor as a function of the
cosmic time and consequently the Hubble radius asymptotically goes to zero in both sides of the bounce.
The outline of this paper is as follows : after briefly describing the essential features of F (R) gravity in Sec.[II], we
will demonstrate the behavior of F (R) gravity near the bounce and during the late-era respectively in Sec.[III] and
consequently in Sec.[IV], we will perform the scalar and tensor perturbations. Some numerical treatment of several
qualitative aspects of the theory at hand are presented in Sec.[V]. Finally the conclusions follow in the end of the
paper.
3II. ESSENTIAL FEATURES OF F (R) GRAVITY
Let us briefly recall some basic features of F (R) gravity, which are necessary for our presentation, for reviews on
this topic see [74, 75, 77]. The gravitational action of F (R) gravity in vacuum is equal to,
S =
1
2κ2
∫
d4x
√−gF (R) (1)
where κ2 stands for κ2 = 8πG = 1
M2Pl
and also MPl is the reduced Planck mass. By using the metric formalism, we
vary the action with respect to the metric tensor gµν , and the gravitational equations read,
F ′(R)Rµν − 1
2
F (R)gµν −∇µ∇νF ′(R) + gµν✷F ′(R) = 0 (2)
where Rµν is the Ricci tensor constructed from gµν . Since the present article is devoted to cosmological context, the
background metric of the Universe will be assumed to be a flat Friedmann-Robertson-Walker (FRW) metric,
ds2 = −dt2 + a2(t)[dx2 + dy2 + dz2] (3)
with a(t) being the scale factor of the Universe. For this metric, the temporal and spatial components of Eq.(2)
become,
3H2 = −f(R)
2
+ 3
(
H2 + H˙
)
f ′(R)− 18(4H2H˙ +HH¨)f ′′(R)
0 =
F (R)
2
− (3H2 + H˙)F ′(R) + 6(8H2H˙ + 4H˙2 + 6HH¨ + ...H)F ′′(R) + 36(4HH˙ + H¨)2F ′′′(R) (4)
respectively, where H = a˙/a is the Hubble parameter of the Universe and f(R) is the deviation of F (R) gravity from
the Einstein gravity, that is F (R) = R+ f(R). Comparing the above equations with the usual Friedmann equations,
it is easy to understand that F (R) gravity provides a contribution in the energy-momentum tensor, with its effective
energy density (ρeff ) and pressure (peff ) being given by,
ρeff =
1
κ2
[
− f(R)
2
+ 3
(
H2 + H˙
)
f ′(R)− 18(4H2H˙ +HH¨)f ′′(R)] (5)
peff =
1
κ2
[
f(R)
2
− (3H2 + H˙)f ′(R) + 6(8H2H˙ + 4H˙2 + 6HH¨ + ...H)f ′′(R) + 36(4HH˙ + H¨)2f ′′′(R)
]
(6)
respectively. Thus, the effective energy-momentum tensor (EMT) depends on the form of F (R), as expected. There-
fore, different forms of F (R) will lead to different evolution of the Hubble parameter. In the present context, we will
use such effective EMT of F (R) gravity to realize the cosmological evolution of the Universe.
III. RECONSTRUCTION OF F (R) GRAVITY: REALIZATION OF BOUNCE AND DARK ENERGY
ERA
In this section, we reconstruct the F (R) gravity from Eq.(4) by considering a certain form of the scale factor of the
Universe. In particular, we reconstruct the F (R) gravity in the two distinct eras, namely near the bouncing point
and at the late-time epoch, which are the primary subjects in the following two subsections respectively. Clearly such
forms of F (R) will describe the gravity theory in the two extreme stages of the Universe and thus will not be able to
reveal the Universe evolution as a whole. However later in Sec.[V], we will numerically solve Eq.(4) and will determine
the form of F (R) for a wide range of cosmic times, which will provide an unification of certain cosmological epochs of
the universe, particularly from a bounce to matter dominated era, followed by a late time accelerating phase. During
the numerical solution of Eq.(4), the form of F (R) in the two distinct eras, which will be analytically evaluated in
the following two subsections, will act as boundary conditions.
4A. Reconstruction near the bounce
In this section, we reconstruct the form of the F (R) gravity near the bounce of the Universe. The Universe’s
evolution in a general bouncing cosmology, consists of two eras, an era of contraction and an era of expansion. Some
of the well known functional forms of the scale factor which correspond to a non-singular bounce, have the form,
a(t) = eαt
2
, a(t) = cosh t, a(t) = (a0t
2 + 1)n and so on. In general, the non-singular bounce of a scale factor is
characterized by
a(tb) 6= 0 , a˙(tb) = 0 , a¨(tb) > 0
where tb is the cosmic time when the bounce occurs. The above conditions lead to a finite Kretschmann scalar
(K = RµναβR
µναβ) and thus the Universe becomes free of the initial singularity (known as Big-Bang singularity).
Keeping these conditions in mind, we consider the scale factor near the bounce as,
ab(t) = 1 + αt
2 (7)
(the suffix ’b’ stands for near bounce scale factor) with α being a free parameter having mass dimension [+2] and
the bounce happens at t = 0. The above form of the scale factor can be thought as a Taylor series expansion of a(t)
around t = 0 and keeping up-to quadratic order in cosmic time (t). We neglect the higher orders of t in the Taylor
expansion of a(t) as, in this section, we are interested to reconstruct the F (R) gravity near the bouncing point. The
linear order of t in the Taylor expansion vanishes due to the condition a˙ = 0, necessary for a bounce. Moreover the
condition a¨(0) > 0 indicates that the parameter α must be positive and thus we take α > 0 in the present context.
Here we would like to mention that in the next sections, we will also provide a complete form of the scale factor which
is valid for a wide range of cosmic time and may yield the behavior (7) near the bouncing point. The scale factor of
Eq.(7) immediately leads to the following Hubble parameter (H = a˙a ) and Ricci scalar (R(t)) as,
H(t) =
2αt
1 + αt2
≃ 2αt ,
R(t) = 12H2 + 6H˙ =
12α(1 + 3αt2)
(1 + αt2)2
≃ 12α+ 12α2t2 (8)
respectively, with the H(t) and R(t) being considered up to O(t2), similar to the case of the scale factor. However
Eq.(8) clearly indicates that the Hubble parameter varies linearly with t and goes to zero at the bouncing point,
while the Ricci scalar, on the other hand, becomes R(0) = 12α. Later, during the calculations of scalar and tensor
perturbations, we will show that the parameter α should be at the order ∼ 10−8/κ2 to make the model compatible
with the Planck constraints and thus the Ricci scalar becomes ∼ 1028GeV2 (with 1κ2 = M2Pl = 1036GeV2) at the
bouncing point. In order to reconstruct the F (R) gravity, we will use Eq.(4), for which we determine the following
quantities (appearing in Eq.(4)) with the scale factor given in Eq.(7),
H2 + H˙ =
2α
1 + αt2
≃ 2α− 2α2t2 ,
4H2H˙ +HH¨ =
8α3t2(1− 3αt2)
(1 + αt2)4
≃ 8α3t2
With the above expressions, Eq.(4) becomes,
24α(R− 12α)f ′′b (R) + (R− 24α)f ′b(R) + fb(R) + 2(R− 12α) = 0 (9)
Solving the above equation for f(R), we get,
fb(R) =
(
12αD√
e
− 1
)
R−D
√
6απ e−
R
24α
(
R− 12α)3/2 Erfi[√R− 12α
2
√
6α
]
(10)
where Erfi[z] is the imaginary error function defined as Erfi[z] = −iErf [iz] with Erf [z] being the error function
and ’i’ is the imaginary unit. Moreover D is an integration constant having mass dimension [-2]. The above solution
of fb(R) immediately leads to the form of Fb(R) = R+ fb(R) as,
Fb(R) =
12αD√
e
R−D
√
6απ e−
R
24α
(
R − 12α)3/2 Erfi[√R− 12α
2
√
6α
]
(11)
5The presence of e−
R
24α and Erfi
[√
R−12α
2
√
6α
]
in the right hand side of Eq.(11) confirm that the Fb(R) contains all
the positive integer powers of R where the coefficient of the linear Ricci scalar is other than unity. This indicates a
deviation from Einstein gravity. However recall, the form of F (R) in Eq.(11) represents the gravity theory near the
bounce and in a later Sec.[V], during the numerical reconstruction of F (R) gravity for a wide range of cosmic times,
we will show that the late time F (R) indeed matches with the Einstein gravity.
B. Reconstruction in the late time epoch
In this section, we apply a reconstruction scheme to describe the behavior of the Universe at late times. Recall, in
the previous section during the reconstruction near the bounce, we considered a scale factor (suitable for bounce) and
then, by solving Eq.(4), we determine the corresponding form of F (R). However the late-time reconstruction method
which we are going to apply in this section, is slightly different in comparison to that of the earlier one, in particular,
we will start with a form of F (R) (rather than a scale factor) suitable for a dark energy model and then reconstruct
the corresponding Hubble parameter from the gravitational equation of motion.
In order to reproduce the current acceleration of the Universe, several versions of viable modified gravity including
the so-called one-step models have been proposed in Ref. [83–87]. The simplest one is given by the so-called exponential
gravity which includes an exponential function of the Ricci scalar in the action. We consider such exponential F (R)
model in the present section, which is known to provide a good dark energy model as described in [88, 89]. In
particular, we consider,
Fl(R) = R− 2Λ
(
1− e−βR2Λ
)
(12)
with β and Λ are two model parameters having mass dimensions [0] and [+2] respectively and the suffix ’l’ is for “late”
time epoch. The exponential correction over the usual Einstein-Hilbert action becomes important at cosmological
scales and at late-times, providing an alternative to the dark energy problem. Due to to the Supernovae Ia (Sne-
Ia) [90, 91], Baryon Acoustic Oscillations (BAO) [92–95], Cosmic Microwave Background (CMB) [96–99] and H(z)
[100–103] data, the parameters β and Λ are well constrained, particularly the F (R) model (12) is best fitted with
Sne-Ia+BAO+H(z)+CMB data for the parametric regimes given by : β = 3.98+∞−2.46 and Λ = 1.2 × 10−84GeV2 [88].
Such parametric ranges also make the model compatible with Sne-Ia+BAO+H(z) data. In effect, we stick with β = 4
and Λ = 1.2 × 10−84GeV2 throughout the paper. With these viable ranges of the model parameters along with the
F (R) of Eq.(12), now we are going to solve the gravitational equation of motion to reconstruct the evolution of the
Hubble parameter during the dark energy epoch. Plugging the above form of F (R) into Eq.(4), we get,
−3H2l + Λ
(
1− e−βR2Λ )− 3βe−βR2Λ (H2l + H˙l)− 9β2Λ e−βR2Λ (4H2l H˙l +HlH¨l) = 0 (13)
where the “dot” represents ddt . However getting an analytic solution of Eq.(13) is troublesome, so we proceed to
solve it numerically and for this purpose, we introduce a dimensionless time scale (tr) and a dimensionless Hubble
parameter (Hr) defined as follows:
tr =
t
ts
, Hr =
1
al
dal
dtr
with ts = 10
16 sec i.e at the order of the present age of the Universe. The actual Hubble parameter (Hl(t)) is related
with the rescaled one as Hl(t) =
1
ts
Hr(tr) = 10
−16Hr (sec)−1, moreover the derivative of the Hubble parameter in the
two time coordinates are connected as H˙l(t) =
1
t2s
dHr
dtr
(note, ddt is represented by a “dot” while the
d
dtr
is mentioned
by as it is). In view of these relations, Eq.(13) can be expressed in terms of the rescaled quantities as follows,
−3H2r + Λt2s
(
1− e−βR2Λ )− 3βe−βR2Λ (H2r + dHrdtr
)− 9β2
Λt2s
e−
βR
2Λ
(
4H2r
dHr
dtr
+Hr
d2Hr
dt2
)
= 0 (14)
where RΛ =
1
Λt2s
(
12H2r + 6
dHr
dtr
)
. With β = 4 and Λt2s = 1.52
2 × 10−4 (the conversion 1 sec. = 1.52× 1024GeV−1 may
be useful), Eq.(14) is solved numerically and is given in the left part of Fig.[1], where the Hubble parameter is plotted
for 60 ≤ tr ≤ 90 (or equivalently 6× 1017 ≤ t ≤ 9× 1017sec.) during the late era. Moreover we use Hr(tr = 60) = 0.1
and dHrdtr
∣∣∣∣
tr=60
= −0.1 as the boundary conditions to solve the above equation numerically. The x-axis of the left part
6of Fig.[1] is the rescaled time tr and by using the relation Hl = 10
−16Hrsec−1, we give the actual Hubble parameter
Hl(t) (in the unit of (sec)
−1) along the y-axis. The solution of the the Hubble parameter immediately leads to the
evolution of the Hubble radius (r
(l)
h =
1
Hl exp
[ ∫
Hl(t) dt
]) as shown in the right part of Fig.[1] where once again, the
x-axis is the rescaled time coordinate and the y-axis represents the actual Hubble radius i.e r
(l)
h (t) =
(
al(t)Hl(t)
)−1
.
Fig.[1] clearly reveals that the Hubble radius decreases with time and leading to an accelerating stage of the Universe
60 65 70 75 80 85 90
4.×10-18
6.×10-18
8.×10-18
1.×10-17
t/ts
H
(t
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r h
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(a
H
)-
1
FIG. 1: Left plot : H(t) (along y-axis) vs. t
ts
(along x-axis) for 6× 1017 ≤ t ≤ 9× 1017sec. The Hubble parameter along the
y-axis is in the unit of sec−1. Right plot : r
(l)
h (t) (along y-axis) vs.
t
ts
for 6× 1017 ≤ t ≤ 9× 1017 sec, where the Hubble radius
is in the unit of sec. The decreasing behavior of r
(l)
h (t) clearly indicates an accelerating stage of the Universe during late time.
at late time. Therefore as a whole, the F (R) (12) successfully provides a viable dark energy model in respect to
Sne-Ia+BAO+H(z)+CMB data where the evolution of the Hubble parameter and the Hubble radius are given in
Fig.[1]. Moreover, here it may be mentioned that the exponential F (R) model has a Schwarzschild de-Sitter solution
in the regime R ≫ Λ ∼ 10−84GeV2. For example, in the Solar System regime R∗ ≃ 10−78GeV2, the exponential
F (R) model can be approximated as F (R∗) = R∗ − 2Λ (note that R∗ is greater than the Λ) and thus in this case,
the Schwarzschild de-Sitter solution can be obtained, which is indeed a stable solution as depicted by some of our
authors in [86].
Therefore Eqs.(11) and (12) represent the F (R) gravity in the two situations, one depicting the early bounce of the
Universe where the scale factor behaves as a(t) = 1 + αt2 (= ab(t)) and the other providing a late time accelerating
phase when the scale factor (al(t)) or more explicitly the Hubble parameter Hl(t) goes according to the Fig.[1] (the
corresponding scale factor can be easily obtained by using al(t) = e
∫
Hl(t)dt). Till now, we have described the bounce
and the dark energy (DE) era in a disjoint manner i.e Fb(R) describes the Universe near the bounce but not the
whole cosmological epochs, while the Fl(R) reveals the behavior only at present time. Thus the immediate question
that springs to mind is, what is the form of F (R) for the entire range of cosmic time, which will further demonstrate
the unification of bounce and dark energy era followed by a deceleration stage in the intermediate region? As a
deceleration era, we may consider a matter dominated epoch in between the bounce and the present era. With this
consideration, in Sec.[V], we will reconstruct the full F (R) gravity, however numerically, by taking the forms of Fb(R)
and Fl(R) as boundary conditions. In the method of numerical reconstruction, we need an appropriate scale factor
(or equivalently Hubble radius) describing the Universe evolution for a wide range of cosmic time. For this purpose,
we may consider an ansatz of the scale factor as follows,
a(t) = eαt
2
tanh
[
β1
(
1− t
tp
)(
1− t
tI
)]
+
(
t
T
)2/3
tanh
[
β2
(
t
tb
− 1
)(
1− t
tp
)]
+ al(t) tanh
[
β3
(
t
tb
− 1
)(
t
tI
− 1
)]
(15)
where tb is the bouncing time or even the horizon crossing time, tp is the present time instance and tI is an
intermediate time. The above scale factor behaves as ab(t) = 1 + αt
2 near t ≃ tb ≪ tI ≪ tp i.e near the bounce,
however goes as aI(t) =
(
t/T
)2/3
near tb ≪ t = tI ≪ tp and as al(t) = e
∫
Hl(t)dt near the present time i.e t ≃ tp.
The parameters βi can be fixed by considering the corresponding hyperbolic tangent function tending to unity at the
respective time.
7Though the scale factor (15) provides the correct evolution of the universe near the bounce and at the late stage and
also at a certain instance of the intermediate stage (t ≃ tI), but it does not lead to correct evolution of the universe
for the whole intermediate epoch. Thus to address the universe evolution smoothly for a wide range of cosmic time,
we may consider a(t) as,
a(t) = 1 + αt2 = ab(t) , near the bounce, for t ≃ 0+
a(t) =
(
t
T
)2/3
= aI(t) , in the intermediate regime, for 0
+ . t . 5× 1017 sec
a(t) = e
∫
Hl(t)dt = al(t) , during late time, for t & 6× 1017 sec (16)
(with T being an arbitrary parameter with dimension sec) and the transition from the bounce to the matter dominated
and frommatter dominated to the dark energy era will be obtained by the method of numerical interpolation. However,
the process of interpolation requires appropriate choices for the values of the free parameters present in our model. It
may be observed that there are three parameters hanging around in the theory, α, Λ and β. The parameter α appears
from the near-bounce scale factor and thus can be named as “early stage parameter”, while Λ and β appear during
the reconstruction in the late-time and thus the name - “late stage parameters”. The late stage parameters have been
already estimated in view of the viability of the exponential F (R) as a successful dark energy model. However, the
early stage parameter α is still remaining to be determined and in the next section, we will estimate α from the latest
Planck 2018 observational results.
IV. COSMOLOGICAL PERTURBATION: ESTIMATION OF EARLY STAGE PARAMETERS
Being the early stage parameter, α can be determined from various primordial observable quantities like the scalar
spectral index (ns), the tensor-to-scalar ratio (r) by directly confronting their theoretical expectations with the Planck
2018 observations. In this section, we consider the spacetime fluctuations over the FRW metric and consequently
calculate various observable quantities like the scalar spectral index and tensor-to-scalar ratio. In a bouncing Universe,
the primordial perturbation modes (relevant to the present day observation) generate either near the bounce or at a
distant past far away from the bouncing point, depending upon the late-time behavior of the Hubble radius. Thereby
before moving to the explicit perturbation calculation, it is important to analyze when the perturbation modes generate
in the present context of bouncing Universe. In all the bouncing models, the Hubble parameter becomes zero and thus
the comoving Hubble radius, defined by rh =
1
aH (where H is the Hubble parameter), diverges at the bouncing point.
However, the asymptotic behavior of the comoving Hubble radius makes a difference in various bouncing models. In
this regard, (1) for some bouncing scale factors, the Hubble radius decreases monotonically at both sides of the bounce
and finally shrinks to zero size asymptotically, which corresponds to an accelerating late-time Universe. Therefore,
in such cases, the Hubble horizon goes to zero at large values of the cosmic time, and only for cosmic times near the
bouncing point the Hubble horizon has an infinite size. So the primordial perturbation modes relevant for present
time era generate for cosmic times near the bouncing point, because only at that time all the primordial modes are
contained in the horizon. As the horizon shrinks, the modes exit the horizon and become relevant for present time
observations. On the other hand, (2) some bouncing scale factors lead to a divergent Hubble radius asymptotically,
which corresponds to a decelerating Universe at late times. In such cases, the perturbation modes generate at very
large negative cosmic times, corresponding to the low curvature regime of the contracting era, unlike to the previous
situations, where the perturbation modes generate near the bouncing era. More explicitly, in the latter case, the
comoving wave number k begins its propagation through spacetime at large negative cosmic times, in the contracting
phase on sub-Hubble scales, and exits the Hubble radius during this phase, and re-enters the Hubble radius during
the low-curvature regime in expanding phase and thus being relevant for present time observations. Therefore, the
physical picture in the two cases is very different with regard to when the perturbation modes generate. However as
mentioned earlier, in the present work, we will deal with an unified scenario of bounce with late time acceleration
connected by an intermediate deceleration epoch. Thus, the late-time Universe is characterized by an accelerating
scale factor and hence the Hubble radius should shrink to zero asymptotically at both “sides” of the bounce (as the
scale factor is considered to be symmetric around the bounce). This indicates that the perturbation modes generate
near the bounce, rather than far away from the bouncing point, because near the bouncing regime the Hubble radius
has an infinite size and all the perturbation modes are contained inside the horizon. Hence we solve the perturbation
equations near the bounce i.e near t = 0, which is the primary subject in the remaining part of this section.
8A. Scalar perturbation
In principle, perturbations should always be expressed in terms of gauge invariant quantities. In the present work,
we shall work in the comoving gauge defined by the vanishing of the momentum density δT0i = 0 (where Tµν is the
effective energy-momentum tensor and the symbol ’δ’ denotes the corresponding perturbation). In this gauge, the
scalar metric perturbation is expressed as,
δgij = a
2(t)
[
1− 2ℜ]δij (17)
where ℜ(t, ~x) denotes the scalar perturbation and known as the comoving curvature perturbation which is indeed
a gauge invariant quantity. The additional metric perturbations δg00 and δg0i can be obtained in terms of ℜ from
perturbed gravitational equations and as a result, the second order action of ℜ(t, ~x) is given by [104–106],
δSℜ =
∫
dtd3~xa(t)z(t)2
[
ℜ˙2 − 1
a2
(∂iℜ)2
]
, (18)
with z(t) has the following expression,
z(t) =
a(t)
κ
(
H(t) + 12F ′(R)
dF ′(R)
dt
)
√
3
2F ′(R)
(
dF ′(R)
dt
)2
(19)
Eq.(18) clearly indicates that the sound speed of the scalar perturbation (c2s) is unity, which in turn guarantees the
absence of superluminal modes or equivalently one may argue that the model is free from gradient instabilities. The
unit sound speed for scalar perturbation is, in fact, a generic nature of F (R) theory and also of a scalar-tensor theory.
This equivalence, in respect of sound speed, between F (R) and scalar tensor theory is however expected as both the
theories can be mapped to one another (in the action level) by a conformal transformation of the metric. Coming
back to the action (18), the scalar perturbation has positive kinetic terms if z2(t) > 0 holds, which is equivalent to
the condition F ′(R) > 0 as evident from Eq.(19). We will show that the F (R) obtained in the earlier sections indeed
satisfies F ′(R) > 0 and ensures the stability of the scalar perturbation. The action δSℜ leads to the equation for the
perturbed variable ℜ(~x, t) as,
1
a(t)z2(t)
d
dt
[
a(t)z2(t)ℜ˙
]
− 1
a2
∂i∂
iℜ = 0 (20)
In terms of the Fourier transformed scalar perturbation variable ℜk(t) =
∫
d~xe−i~k.~xℜ(~x, t), the above equation can
be written as,
1
a(t)z2(t)
d
dt
[
a(t)z2(t)ℜ˙k
]
+
k2
a2
ℜk(t) = 0 (21)
where k is the wave number for the k-th perturbation mode. As mentioned earlier, we solve the above equation for
cosmic times near the bouncing point as the perturbation modes themselves are generated close to the bounce and
thereby we can use the form of F (R) reconstructed in Eq.(11). With this expression of near-bounce-F (R), we will
determine z(t) (an essential ingredient of perturbation equation (21)) and for this purpose, we first need to evaluate
F ′(R) and F ′′(R) which are given by,
F ′(R) =
12αD√
e
+
D
24
[
− 6
(
R− 12α)√
e
+
√
6πe−
R
24α
(
R− 48α)√R− 12α Erfi[√R−12α
2
√
6α
]
2
√
α
]
(22)
and
F ′′(R) =
D
576α3/2
[
12
√
α
(
R− 72α)√
e
−
√
6πe−
R
24α
(
R2 − 96αR+ 1440α2) Erfi[√R−12α
2
√
6α
]
√
R− 12α
]
(23)
respectively. Recall, the Ricci scalar scalar at the bounce becomes R(0) = 12α and thus the function Erfi
[√
R−12α
2
√
6α
]
can be expressed as Taylor series expansion in the powers of
√
R− 12α near the bounce. However the terms with
9O((R − 12α)5/2) in the Taylor expansion can be neglected as such terms will eventually lead to a higher power of t
in comparison to t2 and all the near-bounce quantities have been or will be evaluated up to O(t2), as we also did for
the near-bounce scale factor in Sec.[III A]. Using the Taylor expansion of Erfi
[√
R−12α
2
√
6α
]
along with the expression
of R(t) (see Eq.(8)), we evaluate the F ′(R) and F ′′(R) up to O(t2) as follows,
F ′(R(t)) =
12αD√
e
− 12αD√
e
αt2 (24)
and
F ′′(R(t)) = − 1
α
[
αD√
e
− 4αD
3
√
e
αt2
]
(25)
respectively. Eq.(24) indicates that F ′(R) is positive near the bounce and hence ensures the stability of the scalar
perturbation. On other hand, F ′′(R) becomes negative near the bounce, which is clear from Eq.(25). Actually the
condition F ′′(R) < 0 is connected with the violation of null energy condition in the F (R) gravity theory and thus
such condition should hold in order for a bounce to be generated, and the demonstration goes as follows: recall,
as mentioned in Sec.[II] that the F (R) gravity contributes an effective energy-momentum tensor where the effective
energy density (ρeff ) and the pressure (peff ) are given in Eqs.(5) and (6) respectively. Using these expressions of
ρeff and peff along with the Hubble factor H(t) = 2αt, it is easy to show that at the bounce ρeff + peff becomes
= 2H˙
(
F ′(R(t)) − 1) + 24H˙2F ′′(R(t)). The F ′(R) and F ′′(R), as we obtained near t = 0 in the present context,
leads to ρeff + peff < 0 i.e the violation of energy condition which in turn ensures a bouncing phenomena at t = 0.
Plugging the expressions of F ′(R), F ′′(R) into Eq.(19), we get,
a(t)z2(t) =
72αD
κ2
√
e
[
1 +
2
3
αt2
]
= U1 + V1 αt
2 (26)
where U1 =
72αD
κ2
√
e
and V1 =
48αD
κ2
√
e
. With the above expression of a(t)z2(t), the scalar perturbed equation (21) takes
the following form,
U1ℜ¨k + 2αV1ℜ˙k t+ k2U1ℜk(t) = 0 (27)
at leading order in t. Solving Eq.(27) for ℜk(t), we get,
ℜk(t) = b1(k) e−
V1
U1
αt2
H
[
− 1 + k
2
2α
U1
V1
,
√
αV1
U1
t
]
(28)
with H [n, x] is the nth order Hermite polynomial. b1(k) is the integration constant which can be determined by the
initial state of the canonical Mukhanov-Sasaki variable vk(t) defined by vk(t) = z(t)ℜk(t), which is the adiabatic
vacuum state. Thus near the bounce (i.e near t ≃ 0), the field vk(t) satisfies
lim
t→0
vk =
1√
2k
e−ikτ (29)
where τ is the conformal time defined by dτ = dta(t) . However near t ≃ 0, the conformal and cosmic time become same
as,
τ =
∫
dt
a(t)
=
∫
dt
(1 + αt2)
≃ t .
Furthermore for cosmic times that satisfy t ≃ 0, the Hubble horizon is infinitely large and thus the primordial modes
are well inside the Hubble horizon i.e the perturbation modes satisfy k ≫ aH . As a result, the equation for the field
vk(t) becomes
d2vk
dτ2
+ k2vk = 0 . (30)
This is the equation of a simple harmonic oscillator with time-independent frequency. For this case, the solution
for the minimum energy state is given by vk =
1√
2k
e−ikτ . Hence we impose the initial condition as shown in
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Eq.(29). This justifies the choice of the adiabatic vacuum state in the present context. On other hand, the function
H
[
− 1 + k2U12αV1 ,
√
αV1
U1
t
]
has a limiting value for t→ 0 and is given by,
H
[
− 1 + k
2U1
2αV1
,
√
αV1
U1
t
]∣∣∣∣
t→0
=
2
k2U1
2αV1
√
π
2Γ
(
1− k2U14αV1
)
with Γ(z) symbolizes the “Gamma function“. Therefore, by considering the adiabatic vacuum as the initial condition
of ℜk(t), the integration constant turns out to be,
b1(k) =
1
z(t→ 0)
[
2Γ
(
1− k2U14αV1
)
√
2πk 2
k2U1
2αV1
]
=
1√
U1
[
2Γ
(
1− k2U14αV1
)
√
2πk 2
k2U1
2αV1
]
(31)
where in the second equality, we used z(t → 0) = 1√
U1
from Eq.(26). Thus as a whole, the solution for the scalar
perturbation variable becomes,
ℜk(t) =
(
2Γ
(
1− k2U14αV1
)
√
2πk 2
k2U1
2αV1
√
U1
)
e−
V1
U1
αt2 H
[
− 1 + k
2U1
2αV1
,
√
αV1
U1
t
]
=
(
2κ Γ
(
1− 3k28α
)
√
2πk 2
3k2
4α
√
12αD
)
e
[
1
4− 23αt2
]
H
[
− 1 + 3k
2
4α
,
√
2α
3
t
]
(32)
where we have used U1 =
72αD
κ2
√
e
and V1 =
48αD
κ2
√
e
in the second equality. Consequently, the above solution of ℜk(t)
immediately leads to the scalar power spectrum for k-th mode as follows,
Pℜ(k, t) =
k3
2π2
∣∣∣∣ℜk(t)
∣∣∣∣
2
=
k2
12αDπ3
(
κ Γ
(
1− 3k28α
))2
2
3k2
2α
e
[
1
2− 43αt2
] {
H
[
− 1 + 3k
2
4α
,
√
2α
3
t
]}2
(33)
Using the horizon crossing relation k = aH , the scalar power spectrum can be expressed in terms of the quantities at
horizon crossing as,
Pℜ(k, t)
∣∣∣∣
h.c
=
αt2h
3Dπ3
(
κ Γ
(
1− 3αt2h2
))2
26αt
2
h
e
[
1
2− 43αt2h
] {
H
[
− 1 + 3αt2h,
√
2α
3
th
]}2
(34)
where th is the horizon crossing time. With Eq. (33), we can determine the spectral index of the primordial curvature
perturbations. However before proceeding to calculate the spectral index, we will perform first the tensor perturbation,
which is necessary for evaluating the tensor-to-scalar ratio.
B. Tensor perturbation
Let us now focus on the tensor perturbations, and the tensor perturbation on the FRW metric background is defined
as follows,
ds2 = −dt2 + a(t)2 (δij + hij) dxidxj , (35)
where hij(t, ~x) is the tensor perturbation. The variable hij(t, ~x) is itself a gauge invariant quantity, and the tensor
perturbed action up to quadratic order is given by,
δSh =
∫
dtd3~xa(t)zT (t)
2
[
h˙ij h˙
ij − 1
a2
(∂lhij)
2
]
, (36)
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where zT (t) has the following form [104],
zT (t) =
a(t)
κ
√
F ′(R) , (37)
Therefore the speed of the tensor perturbation is c2T = 1 i.e the gravitational waves propagate with the speed of light
which is unity in the natural units.
Coming back to Eq.(37), the stability of the tensor perturbation will be guaranteed by the condition F ′(R) > 0
- the same condition by which the scalar perturbation is ensured to be stable. Recall, in the previous section, we
showed the positivity of F ′(R) in Eq. (24) and thus the tensor perturbation is indeed stable in the present context.
The action (36) leads to the equation of the tensor perturbed variable as,
1
a(t)z2T (t)
d
dt
[
a(t)z2T (t)h˙ij
]
− 1
a2
∂l∂
lhij = 0 (38)
The Fourier transformed tensor perturbation variable is defined as hij(t, ~x) =
∫
d~k
∑
γ ǫ
(γ)
ij h(γ)(
~k, t)ei
~k.~x, where
γ =′ +′ and γ =′ ×′ represent two polarization modes. Moreover ǫ(γ)ij are the polarization tensors satisfying ǫ(γ)ii =
kiǫ
(γ)
ij = 0. In terms of the Fourier transformed tensor variable hk(t), Eq.(38) can be expressed as,
1
a(t)z2T (t)
d
dt
[
a(t)z2T (t)h˙k
]
+
k2
a2
hk(t) = 0 (39)
The two polarization modes obey the same Eq.(39) and thus we omit the polarization index. Moreover, both the
polarization modes even follow the same initial condition and that is why they have the same solution. So in the
following, what we will do in the context of tensor perturbation is applicable for both the polarization modes. Finally,
in the expression of the tensor power spectrum, we will introduce a multiplicative factor 2 due to the contribution
from both the polarization modes. Using the expression of F ′(R) from Eq.(24), we determine a(t)z2T (t) as,
a(t)z2T (t) =
12αD
κ2
√
e
[
1 + 2αt2
]
= U2 + V2 αt
2 (40)
with U2 =
12αD
κ2
√
e
and V2 =
24αD
κ2
√
e
. Plugging back this expression of a(t)z2T (t) into Eq.(39) and after some algebra, we
get the following equation,
U2h¨k + 2αV2h˙k t+ k
2U2hk(t) = 0 (41)
at leading order in t, which is a viable consideration because the perturbation modes generate near the bouncing
phase in the present scenario. Solving Eq.(41) for hk(t) , we get,
hk(t) = b2(k) e
− V2
U2
αt2 H
[
− 1 + k
2
2α
U2
V2
,
√
V2
U2
α t
]
(42)
where b2(k) is an integration constant and can be determined from an initial condition. As an initial condition, we
consider that the tensor perturbation field starts from the adiabatic vacuum, more precisely the initial configuration
is given by, limt→0
[
zT (t)hk(t)
]
= 1√
2k
. This immediately leads to the expression of b2(k) as,
b2(k) =
1
zT (t→ 0)
[
2Γ
(
1− k2U24αV2
)
√
2πk 2
k2U2
2αV2
]
=
1√
U2
[
2Γ
(
1− k2U24αV2
)
√
2πk 2
k2U2
2αV2
]
. (43)
In the second equality of the above equation, we use zT (t → 0) = 1/
√
U2 from Eq.(40). Plugging this expression of
b2(k) into Eq.(42) yields the final solution of hk(t) as follows,
hk(t) =
(
2Γ
(
1− k2U24αV2
)
√
2πk 2
k2U2
2αV2
√
U2
)
e
− V2
U2
αt2
H
[
− 1 + k
2U2
2αV2
,
√
V2
U2
α t
]
=
(
2κ Γ
(
1− k28α
)
√
2πk 2
k2
4α
√
12αD
)
e
[
1
4−2αt2
]
H
[
− 1 + k
2
4α
,
√
2α t
]
(44)
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where we have used U2 =
12αD
κ2
√
e
and V2 =
24αD
κ2
√
e
. Eq.(44) represents the solution of the tensor perturbation for both
the polarization modes. The solution of hk(t) immediately leads to the tensor power spectrum as,
Ph(k, t) =
k3
2π2
∑
γ
∣∣∣∣h(γ)k (t)
∣∣∣∣
2
=
k2
6αDπ3
(
κ Γ
(
1− k28α
))2
2
k2
2α
e
[
1
2−4αt2
] {
H
[
− 1 + k
2
4α
,
√
2α t
]}2
(45)
It may be noticed that γ =′ +′ and γ =′ ×′ modes contribute equally to the power spectrum, as expected because
their solutions behave similarly. At the horizon crossing, the tensor power spectrum turns out to be,
Ph(k, t)
∣∣∣∣
h.c
=
2αt2h
3Dπ3
(
κ Γ
(
1− αt2h2
))2
22αt
2
h
e
[
1
2−4αt2h
] {
H
[
− 1 + αt2h,
√
2α th
]}2
(46)
Now we can explicitly confront the model at hand with the latest Planck observational data [107], so we shall
calculate the spectral index of the primordial curvature perturbations ns and the tensor-to-scalar ratio r, which are
defined as follows,
ns − 1 = ∂ lnPℜ
∂ ln k
∣∣∣∣
H.C
, r =
Ph(k, t)
Pℜ(k, t)
∣∣∣∣
H.C
(47)
As evident from these expressions, ns and r are evaluated at the time of the first horizon exit near the bouncing
point, for positive times (symbolized by ’H.C’ in the above equations), when k = aH i.e. when the mode k crosses
the Hubble horizon. Using Eq.(33), we determine ∂ lnPℜ∂ ln k as follows,
∂ lnPℜ
∂ ln k
= 2− 3k
2
2α
ψ(0)
[
1− 3k
2
8α
]
− 3k
2
α
(ln 2) +
3k2
α
{H(1,0)[− 1 + 3k24α ,
√
2α
3 t
]
H
[
− 1 + 3k24α ,
√
2α
3 t
] } (48)
where ψ(0)[z] is the zeroth order Polygamma function or equivalently the digamma function and H(1,0)[z1, z2] is the
derivative of H [z1, z2] with respect to its first argument. Moreover the following expressions were used to calculate
Eq.(48),
∂
∂k
{
Γ
(
1− 3k
2
8α
)}
= − 3k
4α
Γ
(
1− 3k
2
8α
)
ψ(0)
(
0, 1− 3k
2
8α
)
∂
∂k
{
H
[
− 1 + 3k
2
4α
,
√
2α
3
t
]}
=
3k
2α
H(1,0)
[
− 1 + 3k
2
4α
,
√
2α
3
t
]
(49)
Thereby Eq.(48) immediately leads to the spectral index as,
ns =
[
3− 3k
2
2α
ψ(0)
(
0, 1− 3k
2
8α
)
− 3k
2
α
(ln 2) +
3k2
2α
{H(1,0)(− 1 + 3k24α ,√ 2α3 t
)
H
(
− 1 + 3k24α ,
√
2α
3 t
) }]
H.C
(50)
As mentioned earlier, the perturbation modes are generated and also cross the horizon near the bounce. Thus we can
safely use the near-bounce scale factor in the horizon crossing condition to determine k = aH = 2αth (where th is the
horizon crossing time). Using this relation, Eq.(50) turns out to be,
ns = 3− 6αt2h ψ(0)
(
0, 1− 3
2
αt2h
)
− 12αt2h(ln 2) + 12αt2h
{H(1,0)(− 1 + 3αt2h,√ 2α3 th
)
H
(
− 1 + 3αt2h,
√
2α
3 th
) } (51)
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Furthermore, the tensor-to-scalar ratio is given by,
r =
∣∣∣∣ hk(t)ℜk(t)
∣∣∣∣
2
k=a(th)H(th)
(52)
where the solutions of hk(t) and ℜk(t) are shown in Eqs.(44) and (32) respectively. Eqs.(51) and (52) clearly indicate
that ns and r depend on the dimensionless parameter αt
2
h which is further connected to the Ricci scalar at horizon
crossing by αt2h =
(
Rh
12α − 1
)
. Thereby, we can argue that the observable quantities ns and r depend on Rh/α. With
this information, we now directly confront the theoretical expectations of spectral index and tensor-to-scalar ratio
with the Planck 2018 constraints [107]. In Fig. [2] we present the estimated spectral index and tensor-to-scalar ratio
of the present scenario for three choices of Rhα , on top of the 1σ and 2σ contours of the Planck 2018 results [107]. As
we observe, the agreement with observations is efficient, and in particular well inside the 1σ region. At this stage it
is worth mentioning that in an F (R) gravity theory, the matter bounce scenario, in which case the perturbations are
generated far away from the bouncing point deeply in the contracting regime, is not consistent with the Planck results
as shown in [64]. However, here we demonstrate that a F (R) gravity model indeed leads to a viable bouncing model
where the primordial perturbations are generated near the bounce. Thereby, we can argue that the viability of a F (R)
model (with respect to the Planck constraints) is interrelated with the generation era of the perturbations modes.
Furthermore the scalar perturbation amplitude (As) is constrained by ln
[
1010As
]
= 3.044± 0.014 due to the Planck
0.94 0.95 0.96 0.97 0.98 0.99
0.00
0.05
0.10
0.15
ns
r
FIG. 2: 1σ (yellow) and 2σ (light blue) contours for Planck 2018 results [107], on ns − r plane. Additionally, we present the
predictions of the present bounce scenario with Rh
α
= 14 (blue point), Rh
α
= 16 (black point) and Rh
α
= 20 (red point).
results [107]. Eq.(33) along with the consideration of the integration constantD = 1α (recallD has mass dimension [-2])
depict that the scalar perturbation amplitude depends on the dimensionless parameters Rhα and ακ
2. We may choose
Rh
α = 16 (which is within the range that makes the ns and r compatible with the Planck results) and consequently the
scalar perturbation amplitude in the present context becomes As =
1
20π3ακ
2. Therefore the theoretical expectation
of As will match with the Planck observations provided ακ
2 lies within ακ2 = [1.283× 10−7, 1.320× 10−7]. Thus as
a whole, the observable quantities ns, r and As are simultaneously compatible with the Planck constraints for the
parameter ranges : 14 ≤ Rhα ≤ 20 and ακ2 = [1.283× 10−7, 1.320× 10−7] respectively. However the viable range of
ακ2 depends on the consideration D = 1/α, i.e. a different D will eventually lead to a different range of viability of
the parameter ακ2. As an example, for D = 14α , the scalar perturbation amplitude becomes As =
1
5π3ακ
2 while ns
and r have the same form as given in Eqs.(51) and (52) respectively and therefore the parameters should lie within
14 ≤ Rhα ≤ 20 and ακ2 = [3.208 × 10−8, 3.300 × 10−8] in order to make the theoretical values of the observable
quantities compatible with the latest Planck 2018 results. Such parametric ranges make the horizon crossing Ricci
scalar of the order Rh ∼ 10−8/κ2 = 1028GeV2.
Thereby, the viable ranges of the early and late stage parameters are given by 14 . Rhα . 20,
ακ2 = [3.208 × 10−8, 3.300 × 10−8], β = 3.98+∞−2.46 and Λ = 1.2 × 10−84GeV2 respectively. As a result, we
can interpolate the scale factor or the Hubble radius in the two transition eras (i.e from the bounce to matter
dominated and from the matter dominated to dark energy epoch), leading to a smooth evolution of the Hubble
radius for a large range of cosmic time.
Before moving to the next section we would like to mention that in the present context, the non-singular bounce
universe is time symmetric and the initial adiabatic vacuum condition is set at the bouncing point, which seems
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that the model is more similar to a scenario of the creation of the universe from nothing. The spontaneous birth
of the universe from “nothing” has been discussed earlier in the context of quantum cosmology where the universe
is described by a wave function satisfying the well known Wheeler-DeWitt equation [108]. With the development
of quantum cosmology theory, it has been suggested that the universe can be created spontaneously from nothing,
where “nothing” means there is neither matter nor space or time, and the problem of singularity can be avoided
naturally [109, 110]. In particular, the author of [109] showed that a quantum universe of zero size, or, indeed, the
cosmological “nothing” may quantum mechanically tunnel to a universe of a finite size. However the argument of
[109] was established for a closed type universe, unlike to the present bounce scenario which has been presented for a
flat FRW universe.
V. NUMERICAL SOLUTIONS: AN UNIFIED DESCRIPTION FROM
BOUNCE-TO-DECELERATION-TO-LATE TIME ACCELERATION
Given the structure of the scale factor in the early and late stages of the Universe (as ab(t) = 1 + αt
2 in Eq.(7)
and al(t) = e
∫
Hl(t)dt respectively, where the Hl(t) is given in Fig.[1]), we would like to provide a complete picture by
considering the intermediate region to be a matter dominated epoch, and moreover the transitions from the bounce to
matter dominated (MD) and from the matter dominated to the DE era will be obtained by the method of numerical
interpolation. Due to complicated nature of the equations governing the evolution of the scale factor in a general
context, we will determine the interpolating function using numerical techniques and will illustrate the same. Let
us briefly point out the methods one may use in order to generate such interpolating solutions. In the transition
regions (i.e. from the bounce-MD and from the MD-DE), one approximates the behavior of the physical quantity of
interest (e.g., the scale factor a(t) or the Hubble radius rh =
1
aH ) by a polynomial function of time, with degree of the
polynomial kept arbitrary. Then, in the early bounce epoch one uses the given behavior of the desired physical quantity
(for example for the scale factor, the behavior near the bounce is ab(t) = 1 + αt
2) to generate numerical estimates of
the respective quantity at various time instants till the description is reliable. Similar numerical estimations are being
made at the intermediate matter dominated and at the late stage as well. With these sets of data and the polynomial
function one can use any standard interpolation software package to end up getting the desired plots. The structure
of the plot, of course, depends on the degree of the polynomial and desired accuracy level. All the plots in this paper
are for an accuracy level of O(10−8). Since our main aim is to merge certain cosmological epochs of the Universe, a
good physical quantity to start with is the Hubble radius (rh(t)) rather than the scale factor, because the accelerating
or decelerating stage of the Universe is easily realized by the decreasing or increasing behavior of the Hubble radius
(with respect to cosmic time) respectively. Following Eq.(16), we may construct the Hubble radius as,
rh(t) =
[
a˙b(t)
]−1
=
1
2αt
, near the bounce, for t ≃ 0+
rh(t) =
[
a˙I(t)
]−1
=
3t
2
(
T
t
)2/3
, in the intermediate regime, for 0+ . t . 5× 1017 sec.
rh(t) =
[
a˙l(t)
]−1
(see F ig.[1]) , during late time, for t & 6× 1017 sec. (53)
and then with the procedure described above, we numerically interpolate the Hubble radius in the two transitions
i.e. from the bounce to matter dominated and from the matter dominated to DE era respectively. Moreover the
Hubble radius in the contracting regime can also be obtained by assuming a symmetric behavior of
∣∣rh(t)∣∣ around the
bounce. However, the details of the interpolation of the curve connecting the early bounce to the late accelerating
stage is an artifact of the procedure followed and admits possible variations depending on the process of interpolation
by numerical techniques. However such indeterminacy in determining the interpolating function would not affect our
main conclusions in the present context. Thus, having explained the details of the interpolating procedure, we now
turn to the corresponding implications and present the variations of all the relevant parameters with time.
As mentioned earlier, we start with the Hubble radius (rh =
1
a˙ ), in particular, taking the reduced Planck mass to
be MPl = 10
18GeV and using the aforementioned construction of the Hubble radius, we obtain rh(t) as a function
of time in the expanding phase of the Universe. Further the Hubble radius in the contracting regime is obtained by
considering a symmetric character of
∣∣rh(t)∣∣ in the both sides of the bounce. As a result, we get the Hubble radius
for −9 × 1017 ≤ t ≤ 9 × 1017 sec., which is presented in the left part of Fig.[3], while the right part is a zoomed-in
version of the left one near t = 0. The x-axis of the Fig.[3] corresponds to a “rescaled” time coordinate obtained as
t
ts
(with ts = 10
16 sec.) which is dimensionless, while the y axis represents the rescaled Hubble radius r¯h = 10
−5rh
which is in the unit of “sec”. Fig.[3] clearly demonstrates that the Hubble radius depicts a bounce at t = 0 (as
expected, because it is constructed from r
(b)
h (t) =
(
abHb
)−1
near t = 0), then it increases monotonically with time up
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to tts ≃ 50 (or t = 5× 1017 sec.) leading to a decelerating phase of the Universe and finally after t & 5× 1017 sec., the
Hubble radius starts to decrease, which in turn indicates the dark energy epoch of the Universe. This may provide
a merging of a non-singular bounce to matter dominated epoch, followed by a late time dark energy era. It may be
noticed that the Hubble radius goes to zero asymptotically at both “sides” of the bounce, which in turn confirms
the fact that the relevant primordial perturbation modes generate near the bouncing point as we have considered
in Sec.[IV] during the calculation of scalar and tensor perturbations. The generation era of perturbation modes in
the present context makes the model different than the usual matter bounce scenario where the perturbation modes
generate in the distant past far away from the bounce. Having this Hubble radius, we are now going to solve the scale
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FIG. 3: Left plot : The modulus of the rescaled Hubble radius
∣
∣r¯h
∣
∣ (along y-axis, in the unit of second) is being plotted
against t
ts
(along x-axis) for a wide range of cosmic time, in particular for −9× 1017 ≤ t ≤ 9× 1017 sec. Such construction of
the Hubble radius depends on Eq.(53) and the numerical interpolation in the transition eras i.e from the bounce-MD and the
MD-dark energy epoch. During numerical interpolation, we take ακ2 = 3.25× 10−8, β = 4 and T = 1 sec. The curve explicitly
shows a smooth unification of the Universe evolution from the bounce-to-deceleration-to-late time acceleration. Right plot : A
zoomed-in version of the left plot near t = 0.
factor and Hubble parameter, however numerically and then by using the numerical solution of H(t) we reconstruct
the form of F (R) from the gravitational Eq.(4). The scale factor can be obtained from a˙(t) = 1rh(t) which is a first
order differential equation and thus the solution of the same requires one boundary condition. We choose a(0) = 1,
because we want the scale factor to behave like ab(t) near t = 0 and recall ab(0) = 1. With such initial condition
along with the rh(t) given in Fig.[3], we solve a(t) numerically, which is presented in Fig.[4] where once again, the x
axis is rescaled by tr = t/ts.
It is evident that the scale factor is smooth everywhere and the graph in the inset shows that the scale factor acquires
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4×1010
FIG. 4: a(t) (along y-axis) vs. t
ts
(along x-axis). The scale factor gets a minimum at t = 0 and thus indicates a non-singular
bounce at that point of time. To get a better view of what is happening near the bounce, we give a zoomed-in version by the
inset-graph depicting the behavior of the scale factor near t = 0.
a minimum at t = 0. Thus we can argue that the Universe transits from a contracting phase to an expanding one
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through a non-singular bounce at t = 0 and thus the Universe evolution becomes free of the initial singularity. The
above numerical solutions of the scale factor can be immediately differentiated providing the Hubble parameter as a
function of time, shown in Fig.[5]. The Hubble parameter becomes zero and shows an increasing behavior with time
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FIG. 5: Left plot : H(t) (along y-axis, in the unit of sec−1) vs. t
ts
(along x-axis) for −9 × 1017 ≤ t ≤ 9 × 1017 sec., which
is obtained from the solution of the scale factor shown in Fig.[4]. As evident, H(t) becomes zero at t = 0 and H˙(0) > 0,
confirming a bouncing Universe. Moreover the Hubble parameter acquires a maximum near the bounce. Finally in the late
time epoch, the Hubble parameter monotonically decreases with time. Right plot : A zoomed-in version of H(t) vs. t
ts
for
7× 1017 ≤ t ≤ 9× 1017 sec.
(i.e H˙ > 0) at t = 0, however this is expected as the scale factor itself acquires a minimum at t = 0 i.e. a bounce.
Moreover, the Hubble parameter acquires a maximum very near to bounce and then decreases rapidly, and continued
to decrease until the late-time era. A zoomed-in version of the late time behavior of H(t) is shown in the right plot of
Fig. [5], which clearly demonstrates that at the late epoch i.e. for t & 7 × 1017 sec., the Hubble parameter becomes
of the order ∼ 10−18 sec−1. The occurrence of the maximum of H(t) near the bounce in the present context is in
agreement with [82] where the authors explained the merging of bounce with late-time acceleration from a different
viewpoint, namely from the holonomy generalizations of deformed matter bounce scenario. In this regard, it may be
mentioned that a deformed matter bounce scenario is represented by an asymmetric scale factor where the Hubble
radius diverges at t→ −∞ and asymptotically goes to zero at t→ +∞. Thus the primordial perturbation modes in
a deformed matter bounce model generate deeply in the contracting regime far away from the bounce, unlike to our
present case where the Hubble radius goes to zero asymptotically at both “sides” of the bounce (see Fig.[3]) leading
to the generation of the perturbation modes near the bouncing regime.
With the Hubble parameter at hand, our next task is to solve the gravitational equation (4) to reconstruct the
form of F (R) which can realize such evolution of the Hubble parameter. For this purpose, we need two boundary
conditions as Eq.(4) is a second order differential equation with respect to the Ricci scalar. As mentioned earlier, we
use the forms of Fb(R) and Fl(R) obtained in Sec.[III] for such boundary conditions and thus the boundary conditions
are given by: F (R = 0) = Fl(0) and F (Rb = 12α) = Fb(12α) respectively (recall, Rb is the Ricci scalar at the
bounce). As a result, we solve Eq. (4) numerically and the form of F (R) we get is depicted in the left part of Fig.[6].
Actually the F (R) is demonstrated by the red curve, while the yellow one represents the Einstein gravity. Before
going into the discussion regarding the behavior of the F (R) gravity, let us briefly comment about the range of the
“rescaled Ricci scalar” that we take along the x-axis in Fig.[6]. Recall, the Ricci scalar near the bounce gets the
value R(t→ 0) ≃ 12α where the parameter α lies within [3.208× 10−8/κ2, 3.300× 10−8/κ2] to make the primordial
observable quantities compatible with the Planck constraints. Thereby, the Ricci scalar near the bounce becomes of
the order ∼ 12×1028GeV2, while in the present epoch, the scalar curvature is generally considered to take 10−84GeV2.
Thus in order to correctly describe the epochs from bounce to late time acceleration, we have to cover the range of
R(t) from ∼ 12× 1028GeV2 to 10−84GeV2. However in Fig.[6], we consider a “rescaled Ricci scalar” given by R¯ = Rα
along the x-axis, which is dimensionless as α has the mass dimension [+2]. Due to such rescaling, the x-axis of the plot
runs from the value xi = 10
−112 (or we may take xi = 0) to xf = 12. Moreover, the y-axis of Fig.[6] is also rescaled
by F¯ (R¯) = F (R)/α so that the Einstein gravity can be described by a straight line having slope of unity even in
these rescaled coordinates. The left part of the Fig. [6] clearly demonstrates that the solution of F (R) matches with
the Einstein gravity as the Ricci scalar approaches to the present value, while the F (R) seems to deviate from the
usual Einstein gravity, when the scalar curvature takes larger and larger values. It is evident that near the bounce,
F ′(R) is positive, which in turn indicates the stability for the scalar and tensor perturbations. This finding from the
numerical solution, in fact, resembles with the analytic results obtained in Sec.[IV]. The comparison of F (R) gravity
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FIG. 6: Left plot : F¯ (R¯) (along y axis) vs. R¯ (along x axis). The red curve depicts the numerical solution of the F (R) and
the yellow curve represents the Einstein gravity. The figure reveals that the F (R) matches with the Einstein gravity in the low
curvature regime, while the F (R) seems to deviate from the usual General Relativity when the scalar curvature takes larger
and larger values Right plot : A zoomed-in version of the left plot near R → 0 to get a better view of the behaviour of the
F (R) during the present epoch.
with the Einstein one in the low-curvature regime is explicitly demonstrated in the right part of Fig.[5], which reveals
that the form of F (R) reconstructed in the present context is indeed comparable with Einstein gravity during the
present epoch. Thus, we can safely argue that the numerical solution of F (R) obtained above indeed matches with
the analytic results determined near the bounce and at the dark energy era. Using the form of F (R) and the Hubble
0 20 40 60 80
-12
-10
-8
-6
-4
-2
0
t/ts
w
e
ff
FIG. 7: weff (along y axis) vs.
t
ts
(along x axis) for 0 . t ≤ 9× 1017 sec. The red curve represents the weff for the present
model while the yellow one is for the constant value − 1
3
. Thereby the successive crossing between the red and yellow curves
depicts the transition of the Universe from acceleration to deceleration or vice-versa.
parameter from Fig.[6] and [5] respectively, we determine the remaining bit i.e the effective equation of state (EoS)
parameter defined by,
weff =
[
f(R)
2 −
(
3H2 + H˙
)
f ′(R) + 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
...
H
)
f ′′(R) + 36
(
4HH˙ + H¨
)2
f ′′′(R)
]
[
− f(R)2 + 3
(
H2 + H˙
)
f ′(R)− 18(4H2H˙ +HH¨)f ′′(R)] ,
as shown in Fig. [7], where the x-axis is the rescaled time coordinate i.e tts with ts = 10
16 sec. Actually the red curve
of the plot represents the weff for the present model while the yellow one is for the constant value − 13 (we will keep
the yellow graph to investigate the accelerating or decelerating era of the Universe). Fig.[7] clearly demonstrates that
at the bounce i.e. at t = 0, the EoS parameter diverges from the negative side, however this is expected because at the
bounce the Hubble parameter itself becomes zero and in turn makes the weff = −1− 2H˙3H2 → −∞. Then immediately
after the bounce, weff crosses the value − 13 leading to a transition from a bounce to a decelerating phase of the
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Universe, and during the deceleration epoch, the EoS parameter remains almost constant and near to zero indicating
a quasi-matter dominated Universe which continues till t ≃ 5 × 1017 sec, when the EoS parameter again crosses
the value − 13 and thus the Universe transits from a stage of deceleration to a stage of acceleration continued until
the late-time era. Therefore, the present model may provide an unified scenario of certain cosmological epochs from
bounce to late-time acceleration followed by a quasi-matter dominated epoch in the intermediate regime. Moreover,
the EoS parameter during the dark energy era approaches to the value −0.995, as evident from the Fig.[7]. This late
time value of the weff is, however, in agreement with [86] where the authors considered the exponential F (R) as a
dark energy model, similar to the present case.
VI. LOGARITHMIC CORRECTED EXPONENTIAL F (R) GRAVITY AS DARK ENERGY MODEL: A
DIFFERENT F (R) FOR UNIFICATION OF BOUNCE AND LATE TIME ACCELERATION
In this section, we consider a different F (R) dark energy model in comparison to the one we considered in the
previous sections, in particular, we incorporate an additional logarithmic correction to the exponential F (R) gravity.
Thus the form of F (R) is given by [88],
F (R) = R − 2Λ
(
1− e−βR2Λ
)[
1− γR
2Λ
log
( R
4Λ
)]
(54)
where the correction over Einstein gravity is given by
F (R)−R = −2Λ
(
1− e−βR2Λ
)[
1− γR
2Λ
log
( R
4Λ
)]
.
It may be observed that such correction goes to zero at R → 0 i.e in the low curvature regime. Now in order to
avoid including an implicit cosmological constant in a F (R) model or equivalently to avoid the fine tuning problem
associated with the cosmological constant, the correction over the Einstein-Hilbert term of the F (R) gravity requires
to vanish in the low curvature limit i.e
lim
R→0
(
F (R)−R) = 0 . (55)
As just mentioned, this condition is satisfied for the considered F (R) model in Eq.(54) and thus this F (R) model
can produce the vacuum solution as the Minkowski spacetime. Thereby we may argue that the model (54) is free
from the problem of including an implicit cosmological constant, unlike to the scenario with the action given by
S =
∫
d4x
√−g[R− 2Λ]. The condition (55) for avoiding a cosmological constant is also satisfied for the exponential
F (R) gravity as considered earlier in Eq.(12) i.e without the logarithmic corrections. However as described in [88], the
presence of the logarithmic correction, modelled by the free parameter γ by Eq.(54), leads to a better fit (in respect
to a viable dark energy model) than in absence of the logarithmic correction and also better than the ΛCDM model.
Hence the inclusion of the logarithmic correction provides a test for this type of F (R) theory and motivates to check
how a deviation is allowed in comparison to the ΛCDM model. Note that the logarithmic correction introduces a new
parameter γ i.e for γ = 0, the F (R) model (54) becomes similar to the exponential model considered earlier in Eq.(12).
This new F (R) model with the logarithmic term still satisfies the viability conditions (under some conditions of the
free parameter) and provides an extra term in the action that evolutes smoothly along the cosmological evolution (far
from the pole obviously), as addressed in the Ref. [88]. In particular, the logarithmic corrected exponential F (R)
gravity comes as a viable dark energy model with respect to the Sne-Ia+BAO+H(z)+CMB data for the parametric
choices : γ = 0.0014+0.0025−0.0014, Λ = 1.2× 10−84GeV2 and β = 4.71+∞−2.87 respectively. Such parametric regimes makes the
F (R) model free from antigravity effects due to the condition γ log
(
R
4Λ
)
< 1 holds true. The authors of [88] clearly
investigated the possible effects of the logarithmic term on the dark energy epoch in view of the aforementioned
observational data and as a result, they found that the logarithmic correction modelled by the parameter γ leads to
better fit than in the absence of logarithmic correction (i.e. the pure exponential F (R) model), obviously at the price
of introducing a new parameter γ. Moreover the model (54) avoids the presence of large corrections on the Newton’s
law as well as the appearance of large instabilities at local systems, leading to a suitable model that recovers the well
known results of General Relativity at the appropriate scales. In view of this new dark energy model, we propose the
following F (R) gravity,
F (R) = R − 2Λ
(
1− e−βR2Λ
)[
1− γR
2Λ
log
( R
4Λ
)]
+ exp
{
1− cosh
(
R
Rb
+
Rb
R
− 2
)}
[ (
12αD√
e
− 1− γ log ( R
4Λ
))
R −D
√
6απ e−
R
24α
(
R− 12α)3/2 Erfi[√R− 12α
2
√
6α
]]
(56)
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which can merge the bounce and late-time acceleration as we will show in the following, where the late time behavior
is described by the F (R) of Eq.(54) and the bouncing scenario is still depicted by the Fb(R) determined in Eq.(11).
In the above expression, the Rb denotes the scalar curvature at the bounce i.e Rb = 12α ∼ 1028GeV2 (see Sec. [IV]
for the estimation of α). We introduce an additional cosine hyperbolic factor (let us call it “fixing factor“) with the
second term of the right hand side of Eq.(56) in order to avoid the effects of the second term during the late-time era.
With the above F (R), the demonstration of universe’s evolution at different curvature regimes goes as follows: (1)
for R ≫ Λ when the Ricci scalar is given by R(t) = 12α+ 12α2t2 (i.e near the bounce), the cosine hyperbolic term
behaves as,
cosh
(
R
Rb
+
Rb
R
− 2
)
= cosh
(
α2t4
(1 + αt2)
)
=
1
2
[
e
α2t4
(1+αt2) + e
− α2t4
(1+αt2)
]
= 1 +
α4t8
2(1 + αt2)2
+ .........
= 1 +O(t8)
and therefore the fixing factor can be expressed by e−O(t
8) = 1−O(t8). However, recall that the near bounce quantities
are determined up to O(t2) and thus the factor e−O(t8) can be approximated to unity near R ≃ Rb. As a result along
with the fact Rb ≫ Λ, the F (R) of Eq.(56) turns out to be,
F (R) =
12αD√
e
R−D
√
6απ e−
R
24α
(
R− 12α)3/2Erfi[√R− 12α
2
√
6α
]
= Fb(R) (57)
in the regime R ≃ Rb, which realizes a bouncing Universe as discussed in Sec. [III A]. However in order to ensure a
bounce, it is also necessary to check F ′(R) and F ′′(R) as they are connected to the issues of energy conditions. Being
the evolution of the fixing factor as e−O(t
8) = 1 − O(t8) and since dRdt is proportional to t around the bounce, one
can immediately write F ′(R) = F ′b(R) and F
′′(R) = F ′′b (R) up to O(t2) near R ≃ Rb. Thereby, the F (R) we propose
in Eq.(56) as well as its first and second derivatives match with that of Fb(R) up to O(t2), which clearly indicates a
bouncing Universe for R ≃ Rb. Here it may be mentioned that a different fixing factor like e−
(
R
Rb
+
Rb
R
−2
)
behaves as
1 +O(t4) near the regime R ≃ Rb, unlike to our considered fixing factor where the leading order is proportional to t8
due to the additional cosine hyperbolic term. However in effect of fourth order term (i.e t4) being the leading order
one, the fixing factor e
−
(
R
Rb
+
Rb
R
−2
)
makes the F ′(R) different in comparison to F ′b(R) even up to O(t2), which in turn
may violate the bounce at R ≃ Rb. In view of these arguments, we stick to the “fixing factor” as proposed in Eq.(56)
rather than e
−
(
R
Rb
+
Rb
R
−2
)
. On other hand, (2) for R ≪ Rb i.e in the low curvature regime (or equivalently R ∼ Λ),
Rb
R becomes very much larger in comparison to
R
Rb
and as a consequence the factor exp
{
1− cosh
(
R
Rb
+ RbR − 2
)}
can be approximated to exp
[− eRb/R] which further tends to zero in the regime RRb ≪ 1. Thereby, in the low
curvature regime, the form of F (R) can be written as F (R) = R − 2Λ
(
1 − e− βR2Λ
)[
1 − γR2Λ log
(
R
4Λ
)]
leading to
a viable dark energy dominated era in respect to Sne-Ia+BAO+H(z)+CMB observations for a suitable parametric
spaces, as mentioned earlier. Moreover the F (R) model (56) satisfies limR→0
(
F (R)− R) = 0 i.e the correction over
the Einstein-Hilbert term vanishes in the limit R→ 0. This indicates that the F (R) of Eq.(56) is able to provide the
Minkowski solution in vacuum case and thus is free from the problem of including an implicit cosmological constant.
Thus, the F (R) proposed in Eq. (56) appropriately provides a non-singular bounce and a late acceleration near
R ≃ Rb and during R ∼ Λ respectively, and hence is able to merge a bounce with dark energy (DE) epoch. The
deceleration stage in between the bounce and the dark energy epochs can be obtained by the numerical interpolation,
similarly as we did for the earlier case in Sec.[V].
At this stage it deserves mentioning that we have taken the bottom-up approach to reconstruct the F (R)
gravity in the present context, in which we attempt to figure out the functional form of F (R) by demanding that
it should explain the observational results. However, various terms in the F (R) of Eq.(56) may be thought to
have a fundamental origin, like - near the bouncing regime, the F (R) (denoted by Fb(R)) is given by Eq.(57).
Thereby if we expand the Taylor series of the function Erfi
[√
R−12α
2
√
6α
]
(present in Eq.(57)) around the bouncing
point i.e around R = 12α and keeping the leading order term, then the near-bounce expression of F (R) will
contain linear and quadratic power in curvature R. Such quadratic correction in the Ricci scalar plays a role
for renormalizability of General Relativity (GR) in quantum gravity. On other hand, during the late time, the
F (R) behaves as of Eq.(54). The logarithmic correction present in the late time form of F (R) may be thought
as one-loop effects of quantum gravity. Despite these arguments, it is true that due to the complicated nature
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of the full F (R) presented in Eq.(56), it is hard to realize some fundamental origin of this full form of F (R). Of
course, the complete gravitational action should be defined by a fundamental theory, which, however, remains to
be the open problem of modern high-energy physics. In the absence of fundamental quantum gravity, the modi-
fied gravity approach in this work is a phenomenological one that is constructed by complying with observational data.
Before concluding, we would like to mention that the present scenario merges certain cosmological epochs of the
universe, in particular, from a non-singular bounce to a matter dominated epoch and from the matter dominated to a
late time accelerating epoch; i.e the model is similar to a matter bounce model which is also compatible to a late dark
energy phase of the cosmic evolution as well. However this is not the full evolution history of the universe mainly due
to the absence of the radiation era. Thereby in order to unify the entire evolutionary epochs of the universe in the
context of bouncing cosmology, one should show the unification of an early bounce with the radiation domination,
followed by the photon decoupling, followed by matter domination, all the way to the late-time dominance of dark
energy stage. The unification for the full evolution of the universe is a longstanding problem in cosmology and we
hope that our present paper may enlighten some part(s) of this bigger problem.
VII. CONCLUSION
In the present work, we proposed a cosmological model in the context of F (R) gravity, which merges a non-singular
bounce to a matter dominated epoch and from the matter dominated to a late time accelerating epoch; i.e the model
is similar to a generalized matter bounce model which is also compatible to a late dark energy dominant phase of the
cosmic evolution. Using the reconstruction schemes, we reconstructed the form of F (R) near the bounce and at the
late-time era respectively. However, the reconstruction techniques applied in these two eras are slightly different, in
particular: near the bouncing regime, we first considered a scale factor (suitable for bounce) and then determined the
form of F (R) which can realize such bouncing scale factor by using the gravitational equation of motion, while on other
hand in the case of late times, we have used a reverse reconstruction procedure in comparison to that of the earlier one
i.e. we started with a form of F (R) (rather than a scale factor) viable for dark energy model, namely the exponential
F (R) gravity, and then reconstructed the corresponding Hubble parameter from the gravitational equations of motion.
During such reconstructions, we got early and late stage model parameters which have been estimated from various
observational constraints. The early stage parameters have been obtained from the primordial perturbations and we
confronted the theoretical results of the observable quantities like the scalar spectral index, the tensor-to-scalar ratio
with the latest Planck 2018 constraints. On other hand, the late stage parameters are estimated by investigating
the viability of the exponential F (R) gravity as a dark energy model with respect to the Sne-Ia+BAO+H(z)+CMB
data. Due to a late accelerating phase, the Hubble radius decreases monotonically at late times and asymptotically
goes to zero, which in turn leads to the generation of the primordial perturbation near the bounce (because at that
time the relevant perturbation modes are within the horizon), unlike to the usual matter bounce scenario where the
perturbation modes generate deeply in the contracting regime far away from the bouncing point time. Thus we have
performed the perturbations near the bounce and as a result the primordial observable quantities like the spectral
index for curvature perturbation, and the tensor-to-scalar ratio, are found to be simultaneously compatible with the
latest Planck 2018 observations. Moreover, the scalar and tensor perturbations are stable as the condition F ′(R) > 0
holds in the present context. With the early bounce and the late accelerating phase, we provided a complete evolution
of the Hubble radius by considering the intermediate region to be a matter dominated epoch and the transitions from
the bounce to matter dominated and from the matter dominated to the DE era have been obtained by the method
of numerical interpolation, where the estimated values of the model parameters are incorporated. The evolution of
the Hubble radius provides the universe’s evolution for a considerable range of cosmic time, in particular, it merges a
non-singular bounce to a matter dominated epoch, followed by a late time accelerating stage. With this interpolating
Hubble radius, we have numerically solved the F (R) gravitational equation to determine the form of F (R) for a wide
range of cosmic time, which clearly depicts that the F (R) matches with the Einstein gravity in the low curvature
regime, while it deviates from the usual Einstein gravity as the scalar curvature acquires larger and larger values.
Correspondingly, the Hubble parameter and the effective EoS parameter of the Universe have been determined. As a
result the EoS parameter is found to successively cross the value − 13 twice indicating the transition of the Universe
from bounce to a quasi-matter dominated phase and from the quasi-matter dominated to a late-time accelerating
stage respectively. Moreover, the EoS parameter during the dark energy era approaches to the value −0.995. Finally,
in Sec. [VI], we have proposed a different F (R) gravity form which is able to merge a non-singular bounce with a
dark energy epoch, however the DE epoch is described by a logarithmic corrected exponential F (R) gravity, unlike
to the earlier case where the dark energy model is depicted by the usual exponential F (R) gravity i.e. without the
logarithmic corrections. Similar to the exponential F (R) model, the logarithmic generalized exponential F (R) gravity
is also known to provide a viable dark energy model with respect to Sne-Ia+BAO+H(z)+CMB observations, in fact,
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the presence of logarithmic corrections leads to a better fitted model than the usual exponential F (R) model.
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